In the framework of the paraxial and of the slowly varying envelope approximations, with reference to a normally dispersive medium or to vacuum, I report a new approach to field quantization. The electromagnetic field is given as a continuous superposition of non-dispersive and non-diffracting wave-packets (namely X-waves). This enables a new representation of a pulsed beam as a quantum fluid. In the case of vacuum the particle mass m is given by mc 2 =hω, being ω the carrier angular frequency. Entangled states as pairs of elementary excitations traveling at the same velocity are found in optical parametric amplification.
wave-equation, with velocity v. This is the so-called X-wave transform, (11) or X-wave expansion, as outlined below.
Then the quantization comes naturally, following standard approach, using continuous-mode operators (12) . For free propagation, it turns out that the quasi-monochromatic beam, with carrier angular frequency ω, behaves like a quantum gas of particles that, remarkably, in vacuo have mass m satisfying the relation mc 2 =hω. The rigidly moving "eigenmodes" (the X-waves), while not having a finite norm (like plane waves), do have a strong degree of localization, thus addressing the issue of spatio-temporal photon confinement, see e.g. (13) and references therein, in the framework of a completely new formulation. This approach provides in a simple way the quantum description of the 3D evolution of a classical (paraxial and slowly varying) beam.
The starting point is the equation for the motion of an optical pulse, traveling with diffraction in a normally dispersive medium. It can be equivalently cast as an evolution problem respect to the direction of propagation z, or respect to time t,(3) which I adopt here to be as much as possible consistent with standard quantum mechanics:
The envelope field is normalized so that the energy is E = |A| 2 dxdydz; ω ′ and ω ′′ are the first order and the modulus of the second order dispersion terms (ω ′′ > 0); k = n(ω)ω/c and ω are the wave-number and the carrier angular frequency, respectively. The medium is normally dispersive. Eq. (1) still holds for vacuum with ω ′ = c, k = ω/c and ω ′′ = c 2 /2ω.
Assuming for simplicity radial symmetry hereafter (r ≡ x 2 + y 2 ), the general solution for the initial value problem is expressed in term of the Fourier-Bessel integral:
with Z = z − ω ′ t. Eqs. (2) furnishes the field at instant t, given its spectrum S at t = 0, with transversal and longitudinal wavenumbers k ⊥ and k z , and
With the following change of variables:
have, after some manipulations:
while being
Hence A can be expressed as a superposition of self-invariant beams (i.e. waves traveling without dispersion and diffraction) with different velocities. The quantity
wave transform.(11) X-waves are defined as the propagation invariant solutions of the wave equation (1), for more details see (14) and references therein.
where ∆ is a reference length that is related to the spatial extension of the beam (the specific form of f p is chosen for later convenience). The overall beam is written as a superposition of basis orthogonal X-waves (given by (4) with
The following relation holds by construction:
where < f |g > denotes the integral over x, y, z of f * g. Eq. (7) reveals that the X-waves have infinite norm, or energy, like the plane waves that are typically adopted for field quantization. The classical energy of the pulsed beam is given
while the field is expressed in (6) as the integral sum of harmonic oscillators, each associated to traveling invariant beams (corresponding to the usual cavity modes, with the difference here that they are rigidly moving). The resonant frequency of each "mode" is ω p = v 2 /2ω ′′ . Following standard approach to quantization, it is natural to write the Hamiltonian like (omitting extrema for the integral and the Σ symbol)
Some comments are needed at this point. First of all I observe that (9) corresponds to a set of freely moving particles, each contributing to the energy by the kinetic term, with mass defined by:
Hence the freely propagating pulsed beam is represented like a quantum fluid, or gas. (15) The eigenstates are given
n |0 >, denoting n particles with velocity v in the traveling "mode" (or fundamental X-wave) ψ v l , and energy nmv 2 /2. Then it is to note that, differently from standard heuristic approaches to field quantization, the Hamiltonian directly corresponds to the energy of the beam, and not to the second quantized form, i.e. to the Hamiltonian functional giving Eq. (1). Furthermore no zero-point energy is present in (9), thus avoiding an infinite value for the mean energy in the vacuum state |0 >.
The optical field operator is given by
The mean value of the field and of the energy density, in the state with one elementary excitation on the l fundamental X-wave, are: < l, 1, v|A|l, 1, v >= 0 and < l, 1, v|A
Further details will be given elsewhere.
By particularizing Eq. (10) to the case of vacuum, using the previously mentioned relations, I obtain
which shows that the effective mass of the quantum gas particles in vacuo is determined by the carrier frequency of the beam via the Einstein relation.
It is also notable that, in the case of vacuum (ω ′ = c), superluminal components are encompassed in Eq. (11) . But this is not surprising. Indeed the superluminal propagation of X-waves in vacuo does not lead to paradoxes, since they are stationary solutions (i.e. infinite energy that fill all the space, like plane waves) of the wave equations (see also (16; 17) ). This can be shown to be perfectly consistent with the principles of standard special relativity, in the framework of the covariant Maxwell equation.(18) Furthermore it is well known that superluminal propagation has a not zero probability, and hence it is predicted, in standard quantum electrodynamics. (19) Single-photon superluminal effects have been experimentally investigated in (20) .
As an application, I consider the phase-matched codirectional optical parametric amplification (OPA) (21) of two frequencies ω 1 and ω 2 , attainable in quadratic or cubic nonlinear media. For simplicity the pump beam is treated as a constant term in the Hamiltonian. A quantized field is associated to each of ω 1 and ω 2 , with parameters ω ′ 1,2 , k 1,2 = ω 1,2 n 1,2 /c. ω ′′ is taken equal for both of them. H is given by the sum of the free terms due to the two frequencies (a and b are the fields operators associated to ω 1 and ω 2 , respectively) and of the interaction Hamiltonian H I that comes from the classical energy contribution of the OPA: E I = χ < A 1 |A * 2 > +c.c. (c.c. denotes complex conjugation). After some manipulations I obtain (h.c. is hermitian conjugate):
where
is given by:
with θ(ν) the unit step function, and f
(1,2) p meaning the function f p (Eq. (5)) with the parameters, k and ω ′ , of ω 1,2 .
By applying standard time-dependent perturbation theory, assuming as the initial state |0 > at t = 0, I have at first order:
The state given in Eq. (15) is a continuous-variables entangled superpositions of particles at the two generated frequencies, traveling with different velocities. Indeed the weight function is not separable respect to u and v (see e.g.
(13) and references therein).
The transition probability to the two particles state a †
Proceeding as in quantum fluid theory the small momenta approximation can be applied. (15) This results in neglecting the quadratic terms in u, v in g(u, v), which corresponds to small velocities, consistently with the SVEA approximation.
In this case I have g ∼ = (v − ρu)(ω
Thus, in the asymptotic state the two particles travel approximately at the same velocity (ρ ∼ = 1 in practical cases). For large propagation distances, the quantum fluid is hence a superposition of entangled pairs locked together. This gives a clear picture of what entanglement is to be intended for. After the generation, the two excitations are associated to X-shaped spatial distributions of energy that travel at the same v. Since the velocity determines the angular aperture (far from the origin) of the double cone which forms the X-wave (16), a three-dimensional region where the two particles can be revealed simultaneously is determined. The duration of the temporal profile fixes the useful time window. In some sense the paired elementary excitations are delocalized in an highly localized 3D X-shaped rigidly moving region.
In conclusion I have proposed a new field quantization scheme, based on the expansion of an optical pulsed beam into non-dispersive non-diffracting rigidly moving 3D wave-packets. The theory comes naturally by identifying the 6 elementary excitations of this superposition. The resulting picture is that of a quantum gas of free particles delocalized in the X-waves composing the beam. In optical parametric amplification the particles become entangled in pairs moving, approximately, at the same velocity. The role of first order and of second order dispersion is clearly stated, while including diffraction. This provide a complete spatio-temporal picture of a nonlinear quantum process.
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